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Chapter 14 Introduction to Vectors

Chapter 1 4

Inrecuciion to Vaciars

| :IXERCISE 14A

Level 1
1. Express each of the following as a single vector.
() BC+4B
(b) AC-4B

2. Express each of the following as a single vector.

(*) Out syl after HKDSE 2022
Scalar Triple Products

(axb)-c=a-(bxc)
(axb)-c=(bxc)-a=(cxa)-b

volume of a parallelepiped

(a) @+@+ﬁ
(b) PR +SR-OR-5S0

3. In the figure, ABCDEF is a regular hexagon. Its diagonals AD, BE and CF intersect at G.

A F

Express each of the following as a single vector.

(a) CG+EF
(b) BC+DE - EF
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4. In the figure, ABCD is a parallelogram. £ and F are the mid-points of AB and BC respectively.
A D

B F C

Express each of the following as a single vector.
] — —

(a) EBC +CD

(b) BD-2EA

5. In the figure, square ADPM is composed of nine identical small squares.

A B C D

F G

Express each of the following vectors in terms of u and v.

—_—

(a) EH
(b) BJ
(c) E

6. In the figure, ABCD is a square. AC and BD intersect at E.
A B

D C

Let DC =a and DA =bh. Express each of the following vectors in terms of a and b.
(@) AC

(b) DE
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Chapter 14 Introduction to Vectors

7. In the figure, ABCD is a parallelogram. AC and BD intersect at E.
A B

D C

Let DC =aand DA =h. Express each of the following vectors in terms of a and b.
(a) AE

(b) BD

8. In the figure, ABC, DEF and GHI are triangles. D, E, F, G, H and [ are the mid-points of 4B,
BC, CA, DE, EF and FD respectively.

Let H—G =g and Ef =b. Express each of the following vectors in terms of a and b.

(@) AC
(b) 4B

9. In AABC, P and Q are points on 4B and AC respectively. It is given that PB =34P and QC = 3AQ,
prove that PQ// BC and PQ = %BC by using vectors.

A
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10. In AABC, D and E are points on 4B and AC respectively such that AD = %AB and AE = %AC.

Let@=pandA_C"=q.
A

D E

B C

(a) Express BC and DE in terms of p and q.
(b) Prove that DE = %B_C;

11. In the figure, ABCD is a quadrilateral. P is a point on BD such that BP =2DP. Let CB =u and
aj =v. Express 55 in terms of u and v.
A B

12. In the figure, ABCD is a parallelogram. P and Q are the mid-points of 4B and DC respectively.
Prove that PBQOD is a parallelogram by using vectors.

D Q C

Level 2
13. Let a and b be two non-zero vectors and they are not parallel to each other.

(a) If 3x =y, where x =2a + nb and y = 2ka + 3b, find the values of k and n.

(b) If 3x =5y, where x=ka+nb and y =3a + %b, find the values of k and n.
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14.

15.

16.

17.

Chapter 14 Introduction to Vectors

Let a and b be two non-zero vectors and they are not parallel to each other.
(a) If x =2y, where x =(k +3)a + 4b and y = 3a + nb, find the values of k and n.
(b) If x=2y -2z, where x =2ka+5b, y=a+kband z=-na+b, find the values of k and n.

Let a and b be two non-zero vectors and they are not parallel to each other. If x = 4y, where
X =k*a+n’b and y = (k —1)a — (2n + 4)b, find the values of k and n.

In the figure, ABC is a triangle. D and E are the mid-points of 4B and 4AC respectively. BE and
CD intersect at F. Let AB = p and AC = q.

A

Cc B

(a) Express BE and CD in terms of p and q.

(b) Express p and q in terms of BE and CD.

In the figure, ABCD is a parallelogram. P is a point on 4B. POD and AQC are straight lines.
It is given that AB=a, AD=b, PB=34P and QC =4A4Q.
C

rh m

A D
(a) Express /TQ, @ and DP in terms of a and b.

(b) If DO = rDP, find the value of 7.
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18. In the figure, P is a point on 4B such that AP =3PB. M and N are the mid-points of O4 and OP
respectively. Let OA = 5aand OB = 5h.
A

o C B

(a) Express ﬁ, 55 and m in terms of a and b.
(b) MN produced meets OB at C. If O—C» = kb, find the value of k.

19. In the figure, ABCD is a parallelogram. E and F are points on AD and AC respectively such
that AD = 4AE and AC = 5AF. Let AB=a and AD =h.
D C

m

A B

(a) Express EF and FB in terms of a and b.
(b) Hence prove that E, F' and B are collinear, and find EF : FB.

20. In the figure, OABC is a square. M and L are the mid-points of BC and AB respectively. OL and
AM intersect at P, 55 = halj and W = k@. Let a;l =g and O_C" =b.

C M B

o A

(a) Express OP in terms of h,aand b.

(b) (i) Express MP in terms of k,aand b.
(ii) Express OP in terms of k, a and b.

(¢) Hence find &: k.
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21. In the figure, ABC is a triangle. AC =4, BC =2 and LACB = 60°. Ifa =a and @ =bh, find
|b - a|.

c<
2

22. In the figure, ABCD is a parallelogram. AB =3, BC =4 and ZBCD =120°. If AB=aand BC=b,
find |b - a|.

B 4 C

23. In the figure, ABC is a triangle. BC =5, ZACB =50° and ZBAC =55°. If CA =a and CB = b,
find |b - a|. (Give your answer correct to 3 significant figures.)
A

55

24. In the figure, ABCD is a parallelogram. BC =5, ZABC =150° and the area of ABCD is 10.
If BC=aand BD=b, find [a-b].

A D

150°
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Level 3

25. In the figure, OABC is a parallelogram. D and E are the mid-points of OC and BC respectively.
OB intersects AD and AE at F' and G respectively, where AF =rAD and GE = sAE. Let Od=a

and 6&=b.
C E B
D
(0] A

(a) Express E«; in terms of r, a and b.
(b) Express aé in terms of s, a and b.

(¢) Itis given that F and G are the trisection points of OB. Find the values of r and s.

([E)xERcISE 14B

Level 1

26. Find the modulus and direction of each of the following vectors. (Give your answers correct to
1 decimal place if necessary.)

(a) 3i+3j
(b) 5i-4j

27. Find the modulus and direction of each of the following vectors. (Give your answers correct to
1 decimal place if necessary.)

(a) -2i+3j
(b) -5j

28. For each of the following, find ﬁ,

E‘ and the direction of AB. (Give your answers correct
to 1 decimal place if necessary.)

(a) A(5, -2), B(3, -3)

(b) A(-2,1), B(1,3)
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29.

30.

31.

32.

33.

34.

3s.

36.

Chapter 14 Introduction to Vectors

For each of the following, find E,
to 1 decimal place if necessary.)

(a) 4(2,6), B(1, 8)

(b) 4(0, 6), B(6, 0)

E‘ and the direction of AB. (Give your answers correct

In each of the following, AB and the coordinates of one of its end-points are given. Find the
coordinates of the other end-point.

(a) 4B =6i+5j; A2, -1)
(b) 4B =-3i+7j; B2, 4)

In each of the following, AB and the coordinates of one of its end-points are given. Find the
coordinates of the other end-point.

(a) AB =i-4j; A(-3,7)
(b) AB=-2i-3j; B(2,3)

For each of the following, express a in terms of i and j.
(a) |a| =4, and the direction of a is the same as turning j 30° in a clockwise direction.

(b) |a| =2, and the direction of a is the same as turning —i 45° in an anti-clockwise direction.

Find a unit vector which has the same direction as each of the following vectors.
(a) 4i-3j
(b) 3i

Find a unit vector which has the same direction as each of the following vectors.
(a) -7i-+/15j
(b) -2i+4j

If u=2i-jand v=i+3j, express —9i + j in terms of u and v.

If u=-3i+4jand v=i-2j, express 3i —5j in terms of u and v.
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Level 2
37. In the figure, OABC is a rhombus. The coordinates of 4 are (2, 0) and LAOC = 60°.
y

o

60
o A(2, 0)

(a) Express OC in terms of i and j-

(b) Express aé and A_C" in terms of i and j.

38. In the figure, OABC is a rhombus. The coordinates of C are (-4, 0) and LAOC = 60°.

Y
\

60°
C(~4, 0) o)

(a) Express OA in terms of i and j-

(b) Express @ and A_C" in terms of i and j.

39. (a) The positive angle between a; and the x-axis is 0, and the modulus of aﬁ is r. Prove that
OP = r(cos Oi + sin 6j).
(b) Express the following vectors in the form of r(cos6i + sin 6j), where » = 0 and 0° < 0 <360°.
(i) -5i
(ii) 2i-2j

40. It is given that u = 4i - 3j and v = -3i + 3j.
(a) Expressiand jin terms of u and v.

(b) Ifi+3j=aqu+bv, find the values of @ and b.
41. It is given that u =5i + 2j and v = —i — 4;j.

(a) Expressiand jin terms of u and v.
(b) If 4i - 5j=qau + bv, find the values of a and b.
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42. In the figure, OABC is a square. P and Q are the mid-points of 4B and BC respectively. Let

43.

44.

45.

46.

OA = 6i, O_C;=6j, a’=pand®=q.

c . Q B
A ' '
6j q P
p
o) Gi A

(a) Express p and q in terms of i and j.

(b) Express AB and BC in terms of p and q.

P(2,5) and Q(6, 2) are two given points.
(a) (i) Express FQ in terms of i and j.
(i) Find ‘P—Q‘
(b) If A is a point on PQ such that ‘ﬁ‘ =2, express PA in terms of i and j-
P(-1, 2) and Q(2, -3) are two given points.

(a) (i) Express @ in terms of i and j.
(i) Find ‘P—Q‘

(b) If 4 is a point on PQ such that ‘ﬂ‘ = @, express PA in terms of i and j.

A2, 1), B(1, 2) and C(—g, 2k) are three given points, where & is a constant.

(a) (i) Express AB in terms of i and j.
(ii) Express BC in terms of i, j and k.
(b) If 4, B and C are collinear, find the value of k.

A(-3, -2), B(3, 0) and C(3k, g) are three given points, where £ is a constant.

(a) (i) Express AB in terms of i and j.
(ii) Express BC in terms of i, j and k.
(b) If A, B and C are collinear, find the coordinates of C.
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47. In the figure, ‘A_C" = 8. u and v are two unit vectors. The angles u and v make with AC are 30°

and 20° respectively. Express ACin terms of u and v. (Give your answer correct to 1 decimal
place.)

Cc

48. In the figure, ‘/Té‘ =7.u and v are two unit vectors. The angles u and v make with AC are 20°

and 35° respectively. Express ACin terms of u and v. (Give your answer correct to 1 decimal

place.)
c
7
A"
35—
20
A u
Level 3
49. In AOAB, ‘@‘ - ‘Ea‘ =3
y
A
B
3
60° _3 A
» X
0 10°

(a) Express OA and OB in terms of i and j. (Give your answers correct to 1 decimal place.)
(b) Express AB in terms of i and j- (Give your answer correct to 1 decimal place.)

(¢) Hence prove that ‘E‘ =3.
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50. Tn AOAB, ‘&‘ =‘ﬁ‘ 5.

y
A
A
5
B o
T~80
~ >» X
200 ©

(a) Express AB in terms of i and j- (Give your answer correct to 1 decimal place.)

(b) Hence find ‘E‘.

([E)xercisE 14C

Level 1

51.

52.

53.

54.

55.

Consider two points A(2, 0, 1) and B(1, -1, 2). Find AB and ‘E‘
Consider two points A(-2, 3, 6) and B(5, 2, -1). Find AB and ‘A_B"

Consider two points A(1, -3, 2) and B(2, -1, 4).

(a) Find AB and ‘E‘

(b) Find the unit vector which has the same direction as AB.
Consider two points A(2, -1, -2) and B(1, 1, 3).

(a) Find AB and ‘E‘

(b) Find the unit vector which has the same direction as AB.

Consider two points 4(3, 1, —4) and B(9, -2, 2). Find the unit vector which has the same direction
as AB.
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S6.

57.

58.

59.

60.

61.

62.

Consider two points 4(-2, 1, -3) and B(1, 2, 4). Find the unit vector which has the same direction
as AB.

It is given that the coordinates of 4 and B are (2, A, 5) and (-A, 4, 1) respectively. If‘A_B" = \/E,
find the values of A.

It is given that the coordinates of A and B are (1, -4, -A) and (A + 1, -1, -8) respectively.
If ‘E‘ — 7, find the values of A.

It is given that A(1, -2, -3), B(2, 0, 3) and C are collinear, where ?(f= 2/?3.

(a) Find BC.
(b) Find AC.

It is given that A(-2, -2, 4), B(1, 2, 1) and C are collinear, where ?(f= 3A—E.
(a) Find BC.
(b) Find AC.

It is given that the coordinates of 4 and C are (2,-5,3) and (4, 1, -1) respectively.
If AB = %A_(f, express B_C> in terms of i, j and k.

It is given that the coordinates of 4 and C are (-1, 4, -2) and (2, 1, 7) respectively. If
3A_BE—A_C’= 0, express B_C> in terms of i, j and k.

Level 2

63.

64.

65.

66.

It is given that AB =i - 7j+ 4k and A(2, -1, 3). Find the coordinates of B.

It is given that AB = -2i - j+5kand A(1, -1, 3). Find the coordinates of B.

It is given that AB =2i- 7j -8k and B(-1, -2, -4). Find the coordinates of 4.

It is given that AB = -3i- 4j+ 5k and B(2, -2, 1). Find the coordinates of 4.
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67.

68.

69.

70.

71.

72.

73.

Chapter 14 Introduction to Vectors

It is given that the coordinates of 4, B, C and D are (1, 2, 1), (2, 0, -1), (3, A, 5) and (5, -2, 1)
respectively. If 4B//CD, find the value of A.

It is given that the coordinates of 4, B, C and D are (2, 1, -2), (0, 2, -6), (1,2A -1, -u-2)
and (7, A - 1, n) respectively. If 4B//CD, find the values of A and u.

ABCD is a parallelogram, where the coordinates of 4, B and C are (2, 1, -2), (1, 2, -2) and
(3, -1, 1) respectively. Find the coordinates of D.

ABCD is a parallelogram, where the coordinates of 4, B and C are (-1, &, 2), (3, k+1, 1) and
(2, -2, 1) respectively, and k is a constant. Find the coordinates of D.

Given four points A(1, 3, 1), B(4, 1, 2), C(6, 4, 1) and D(3, 6, 0), prove that ABCD is a thombus.

Given three points A(-1, 2, 4), B(2, 1, 2) and C(4s, r, -s),
(a) express AB in terms of i, j and k.
(b) express B_C> in terms of i, j, k, » and s.

(¢) If 4, B and C are collinear, find the values of » and s.

Given three points 4(1, 1, 2), B(0, 2, 5) and C(r, s, -r - 1),

(a) express AB in terms of i, j and k.
(b) express BC in terms of'i, j, k, r and s.

(¢) If 4, B and C are collinear, find the coordinates of C.

Level 3

74.

75.

Let a and b be the unit vectors of u and v respectively, where u = 4i — 4j — 2k and v = 3i - 2j + 6k.
It is given that aa + b = 5i — yj + 5k, find the values of ., f and y.

Let a and b be the unit vectors of u and v respectively, where u =i -2j -2k and v = —6i + 6j — 7k.
It is given that aa —fb = (2y + )i - 3y - 1)j + (v + 2)k, find the values of a, f and y.
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Level 1

76. For each of the following, find 4B and ‘E‘.
(a) OA=2i-j, OB =5i+3j
(b) OA=i-j+k, OB=2i+j+3k

77. For each of the following, find 4B and ‘E‘.
(a) OA=-i-j, OB = 4i-2j
(b) OA=-i+j+2k,OB=i-j-k

78. Given two points A(1, -2) and B(7, 6), find
(a) the position vectors of 4 and B.

(b) the unit vector which has the same direction as AB.

79. Given two points A(-1, 1) and B(2, 3), find
(a) the position vectors of 4 and B.

(b) the unit vector which has the same direction as AB.

80. Given two points 4(2, 1, -1) and B(1, 3, 1), find
(a) the position vectors of 4 and B.

(b) the unit vector which has the same direction as AB.

81. Given two points A4(-1, 1, 2) and B(2, 2, 1), find
(a) the position vectors of 4 and B.

(b) the unit vector which has the same direction as AB.

82. It is given that p, q and r are the position vectors of P, O and R with respect to O respectively.

If FQ = 3@5 +2RP, prove that p = 4q3_ r

83. Find the coordinates of the mid-point of A(7, 2, -3) and B(2, -1, 5).
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84.

8s5.

86.

87.

88.

89.

90

91.

92.

Chapter 14 Introduction to Vectors

P is a point on 4B such that AP = 2PB. If the coordinates of 4 and B are (1,3,2)and (1,0, 2)
respectively, find the coordinates of P.

P is a point on AB such that 34P = PB. If the coordinates of 4 and B are (2, -1, -2) and
(2, 7, 14) respectively, find the coordinates of P.

P is a point on AB such that 34P =2PB. If the coordinates of 4 and B are (-2,1,2) and
(1, -2, 3) respectively, find the coordinates of P.

A2, -1, -7) and P(2, 2, 2) are given. If P is a point on AB such that AP: PB =3:1, find the
coordinates of B.

A(1, 2, 3) and P(-4, 5, -6) are given. If P is a point on 4B such that AP: PB =4:3, find the
coordinates of B.

The coordinates of 4 and B are (2, -2, 6) and (2, -6, —10) respectively. For each of the following
cases, find the coordinates of C.

(a) C is the mid-point of 4B.
(b) Cis a point on AB such that AC:CB =1:3.

. The position vectors of the vertices of AdBC area=i-j+2k, b=-i+2j-3kand ¢ =i+2j+4k.

If D is the mid-point of BC, find AD.

The position vectors of the vertices of AABC
are a =7i —4j+ 3K, b = —2i - 2j — 6k and ¢ = 5i + j— 4k. If D is the mid-point of BC, find AD.

The coordinates of 4, B and M are (2y, -z, -2x), (2z, =5z, —=y + 1) and (-2x, -y, z) respectively.
If M is the mid-point of AB, find the coordinates of M.
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Level 2

93.

94.

9s.

96.

It is given that the position vectors of 4, P and B are 4i + j, %i + 6j and 8i + 9j respectively.
Prove that 4, P and B are collinear, and find AP : PB.

In A4BC, P is the mid-point of BC, Q is a point on 4C such that AQ:QC =1:2, R is a point on
BQ such that BR: RQ =3:1. Let AQ =uand AB=v.
A

B P C

(a) Express AR in terms of u and v.

(b) Express AP in terms of u and v.
(¢) Hence prove that 4, R and P are collinear.

In the figure, AD and BC intersect at E. AE: ED=BE:EC=1:5. Let A—35= a, A_C"= b.
D

C

(a) Express AE in terms of a and b.
(b) Express AD in terms of a and b. Hence prove that AB//CD.

In the figure, AD and BC intersect at E. AE:ED=BE:EC=2:9. Let A—E =a, A_C"= b.

D

Cc

(a) Express AE in terms of a and b.

(b) Express AD in terms of a and b. Hence prove that AB//CD.
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97. In the figure, 4 and B lie on the x-axis and the y-axis respectively. M and N are points on AB
such that AM = MN = NB. Prove that AB® = %(OMZ +ON?).

y
A

B

98. The figure shows a parallelogram OABC. P is the mid-point of O4. PC and OB intersect at Q.
Find OQ: OB.

7/
OP A

99. The figure shows a quadrilateral ABCD. Diagonals AC and BD intersect at E. E: 3A_BE+ 2@.

Letﬁ:uandﬁ=v.
D

B Cc

(a) Let AE =kAC. Express AE in terms of u, v and k.
(b) Let ED:BE =1:r. Express AE in terms of u, vand r.
(¢) Hence find the values of k and r.

(d) Express BE in terms of u and v.
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100. The figure shows APST. Q and R are points on PS and PT respectively such that PS = 5?Q and

PT =3PR. QT and SR intersect at M. Let FQ —aand PR=b.
T

R
M
P Q S

(a) Express @, @ and Q7’ in terms of a and b.

(b) Let RM : MS =1:s. Express OM in terms of a, b and s.
(¢) Let Q_M = tﬁ. Express Q—M in terms of a, b and .

(d) Hence find the values of s and r.

(e) Express Q—M and Mé in terms of a and b.

Level 3

101. Let £LAOC =0, OA =iand OB = j- If C is a point on 4B such that AC:CB =3:1, find 0. (Give
your answer correct to 1 decimal place.)

y
A

B

102. In AABC, D, E and F are the mid-points of BC, CA and AB respectively. G is the centroid of
AABC. O is the origin. Prove the followings.

(a) AD+BE+CF =0

(b) OA+OB+0C =0D +OE +OF

() OG-~ (0d+ 0B +00)

(d) GA+GB+GC =0

(e) G and the centroid of ADEF are the same point.

[ Hint: The centroid divides each median in the ratio of 2:1.]
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103. It is given that the coordinates of 4 and B are (1, -2, -8) and (1, -2, 4) respectively. 4B cuts the
xy-plane at P.
(a) Find the coordinates of P.
(b) Find AP: PB.

104. The coordinates of 4, B and P are (x -1, 3z +2, -2z), (z-2, -2x, -4y) and (-y, y +2z, —x)
respectively. If 4, B and P are collinear such that AP: PB =2:3, find the coordinates of 4, B
and P.
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