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FORMULAS FOR REFERENCE 

 sin (A  B) = sin A cos B  cos A sin B 

 cos (A  B) = cos A cos B   sin A sin B 

 ( )
BA
BABA

tantan1
tantantan




=  

 2 sin A cos B = sin (A + B) + sin (A − B) 

 2 cos A cos B = cos (A + B) + cos (A − B) 

 2 sin A sin B = cos (A − B) − cos (A + B) 

 
2

cos
2

sin2sinsin BABABA −+
=+  

 
2

sin
2

cos2sinsin BABABA −+
=−  

 
2

cos
2

cos2coscos BABABA −+
=+  

 
2

sin
2

sin2coscos BABABA −+
−=−  

 
**************************************************************************** 

 
Section A  (50 marks) 
1. Expand 5( 3) .x+  Hence, find the difference between the coefficient of 3x  and the constant 

term in the expansion of 
2

5 4( 3)x x
x

 + − 
 

.          (5 marks) 
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2. By mathematical induction, prove that 1 1 ( 2)1 2 4 8 ... ( 2)
3

n
n− − −

− + − + + − =  for all positive 

integers n.                (5 marks) 
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3. Evaluate the following limits. 

 (a) 
x
x

x 3tan
2sinlim

0→
  (b) ( )11lim 22 +−++

+→
xxx

x
      (6 marks) 
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4. Let ( ) cos2f x x x= . Express
4

f h + 
 

 in terms of h. Hence find '
4

f  
 
 

 from first principles.

                 (4 marks) 
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5. Find the equation of the normal to the curve 2 36x xy y+ =  at (−8, 2).      (5 marks) 
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6. (a) If tan 3cot 0A B− = , prove that cos( ) 2cos( ) 0A B A B− + + = . 
 (b) Hence solve the equation tan( 29 ) 3cot(31 )x x+  = − , where 90 180x   .   (5 marks) 
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7. In Figure 1, the shaded region is bounded by the curves 2x y=   and  
2

3
4
yx = + . The curves 

intersect at A and B.         

                   

x

y

x = y 

2

O

x =       + 3
y 

2

4

A

B

 
 (a) Find the coordinates of A and B. 
 (b) Find the volume of the solid of revolution generated by revolving the shaded region about 

the straight line AB. 
                       (6 marks) 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 

Figure 1 
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8. Let  2OA = i  and 2OB = +i j . M is the mid-point of OA and N lies on AB such that 

BN : NA = k : 1 . BM intersects ON at P (see Figure 2). 
  (a) Express ON  in terms of  k . 
  (b) If  A ,  N ,  P and  M  are concyclic, find the value of  k .       

                    (5 marks) 
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Figure 2 
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9. In Figure 3, the radius of circle C is r units. C is revolved about the y-axis to form a spherical 
container. Water is poured into the container and its depth is h units. 

                   
O

x

y

h

C

      
 (a) Express the equation of C in terms of r.            (1 mark) 

    Assume that r = 10.   
 (b) If the volume of water inside the container is V cubic units, express V in terms of h.  

                    (4 marks) 

    (c) (i) Find dV
dh

 when 5h = . 

(ii) It is given that water is poured at a rate of 10 cubic units per second. When the        
 depth of water is 5 units, find the rate of increase of water level.  

                   (4 marks) 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 3 
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Section B  (50 marks) 

10. Let 















=

401
232
104

P , 
















−
=

011
102
011

Q  and PQQR 1−= . 

 (a) Find 1Q− .             (2 marks) 

 (b) Show that 















=

300
030
005

R .            (2 marks) 

  (c)  (i)  Find nP . 

   (ii)  Is n nP R−  a singular matrix? Explain your answer.       (7 marks) 
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11. Consider the system of linear equations in x, y and z: 

  
2

2
( ) 2 ( 2) 3 0

3 4

x y z b
E x a y z

ax y z b

+ − =
 + − + =
 − + =

, where a and b are real numbers 

 (a) Assume that b = 0. Show that (E) has non-trivial solutions if and only if 2( 4) 25a+ = . 
                   (3 marks) 
  (b) Assume that 0b  . 

  (i) If (E) has a unique solution, find the values of a and express y in terms of a and b. 

  (ii) Find the value(s) of b such that (E) has no solution.  

                  (7 marks) 

 (c) Determine whether there exists an integral solution of the system of linear equations  

 
2 1

2 3 0
3 4 1

x y z
x y z

x y z

+ − = −
 − + =
 − + =

 which satisfies the equation 5 5 2 11x y z− + + = .  

                  (4 marks) 
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12. (a) Evaluate 
1

20
.

3
du

u+                   (3 marks) 

 (b) (i) Show that 2
0

2

( ) ( )
aa

a f x dx f a x dx= −  . 

  (ii) Hence show that  2
0 0

( ) ( ) ( )
aa

f x dx f x f a x= + −  dx . 

                  (3 marks) 

 (c) It is given that 
2

2 2
1
3 3

x A B
x x

−
 +

+ +
 , find the values of A and B.    (2 marks) 

 (d) Using (a), (b)(ii) and (c), evaluate 
3

20

sin
3 cos

x x dx
x



+ .      (4 marks) 
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13. The position vectors of the points A, B, C and D are − +i j k, 2 3− +i j k, 2− + −i j k  and 
2 2 5− +i j k  respectively. Let E be the projection of D on the plane which contains A, B and C. 

 (a) Find 

  (i) AB AC , 

  (ii)  the volume of the parallelepiped formed by AB , AC  and AD, 

  (iii) DE . 
                   (5 marks) 
 (b) Let F be the foot of perpendicular from D to AB. 

  (i) Find DF . 

  (ii)  Are A, E and F collinear? Explain your answer. 

  (iii) Someone claims that the area of ADF is greater than 5. Do you agree? Explain your 
     answer. 

                   (8 marks) 
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